It has been known for some time that the eigenstates of an electron moving in an infinite, one dimensional random potential are always localised in the Anderson sense. This remains true even when the potential fluctuations become very small, though, of course, the localisation length will then become very large. Recently a number of authors, for example 1 , have proposed a qualitatively similar behaviour for localisation of eigenstates in a two dimensional random potential, arguing that a true Anderson transition from locali$ed to extended states can only exist in three or more dimensions. These proposals have inspired a considerable amount of work, too voluminous to be cited here, most of which tends to confirm the non-existence of extended states in two dimensions. The majority of these investigations attempt to implement numerically the scaling or renomlisation group methods which are necessary if one wishes to understand the critical behaviour close to a mobility edge. However, there ought to be a simple interpretation for the absence of extended states in one and two dimensions which does not require these relatively sophisticated methods. In other manifestations of critical phenomena the frequent absence of transitions to ordered phases in lower dimensions was understood well before the renormalisation group appeared on the scene. such absences are in essence due to an infra-red divergence of the mean square fluctuation in order parameter which disrupts the ordered phase.
Recently I have proposed [2] a similar sort of interpretation for anomalous localisation behaviour in one and two dimensions. The idea is that diffusion theory and in particular Polya's theorem for random walks implies fluctuations in the local density of states which Article published online by EDP Sciences and available at http://dx.doi.org/10.1051/jphyscol:1981411 always diverge in one and two dimensions. Polya's theorem states that any unrestricted random walk in one and two dimensions always returns eventually to the neighbourhood of its starting point while in three and higher dimensions there is a finite probability of escape 131. Divergent fluctuations in the local density of states, are a necessary condition for a discrete local spectrum and provide strong circumstantial evidence for localisation. Moreover, if the states are assumed to be locali'ged, the localisation 3ength is found to agree with a well established result in one dimension [ 4 ] and the more recent scaling type of result in two dimensions [ 1 1.
In the present paper the argument will be reviewed critically, My work is based on a relation between the local density of States P(r,E) and the time dependence of wave intensity, which has also been discussed by other authors [ s ] .
Consider the evolution from t = -" to t = +m of a wave packet which is localised near r = r' at t = 0 .
The eigenfunctions l ; , are chosen to be real. The function f (E) weights a particular region of energy but is broad enough to ensure localisation of a wavepacket at t = 0 compared to any locali'$\ation length scale of the eigenfunctions
At the point of origin r = r * the time evolution of the wavepacket is related to the local density of states by Because p(rl, E) is real the wave probability is symmetric in time,
I@(rl,t) I2 = I@(r8,-t) 12.
It is convenient to impose a time scale on the system by introducing an absorptive component to the potential which could correspond physically to inelastic scattering for example. We shall show that in one and two dimensions, fluctuations in the correspondingly blurred local density of states grow without limit as the inelastic scattering time Ti tends to infinity. The fluctuating part of the local density of states is, by inverting equation (2).
-1 with p = ri and $ the scattered part of the wavefield. This corresponds to convoluting Fo (r * ,E) with a Lorenztian of width p .
Applying Parsevales theorem to equation (3) and taking the ensemble average, the mean square fluctuation is The lower limit to the integral in this equation is the mean free time for elastic backscattering. This is because -we wish to exclude from equation (4) a small interval near t = 0 over which the probability density is not effectively goverened by the diffusion equation. We also assume that for t > 7 the unscattered wavepacket has left the origin r ' so that we may set $ (r * , t) = @ (rl , t) . The probability density 1 @ 12 has been normalised to unity using equation (1 We emphasize, once again that, above the percolation threshold, Anderson localisation is entirely a quantum mechanical effect. In our case all localisation lengths and time scales must tend to infinity as Planck's constant h tends to zero in the classical limit. At first sight the one dimensional results in equation (8) appear to violate this condition, the interference time scale being independent of the interference radius. However, there is an implicit dependence of T and A on Planck's constant, and in one dimension there is no backscattering of a classical particle above the percolation threshold.
The present work provides a simple interpretation and confirmation of much of the current thinking in Anderson localisation. However, the arguments above do not by themselves constitute a proof of the absence of extended states or quantum diffusion in two dimensions.
Divergent fluctuations are a necessary, but not by themselves a sufficient -condition for the local density of states to be discrete. Our work does nevertheless provide conclusive evidence that scaling arguments which predict a single "relevant" disorder to coupling parameter W/V to scale to zero for weak disorder in two dimensions [7] cannot be correct. Such scaling behaviour must surely be associated with fluctuations in the local density of states, i.e. the wave intensities 1vn12, which are bounded.
